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Abstract
In this paper we deal with the problem of recovering functions from their
spherical mean transform R, which integrates functions on circles in the plane,
in case where the centers of the circles of integration are located on a parabola
P while their radii can be chosen arbitrarily. Using our data, on the values
of R on P, we show how to extract its values in the exterior of P in case
where the functions in question have compact support inside P. Hence, one
can use known inversion formulas for R in the exterior of P in order to obtain
a reconstruction formula.
1 Introduction and Mathematical Background
Denote by R and R+ respectively the real line and the ray [0,∞). Denote by Rn
the n dimensional Euclidean space. For a continuous function f , defined in R2, define
the spherical mean transform Rf of f by
Rf : R2 × R+ → R,
(Rf)(x, r) =
∫ π
−π
f
(
x+ reiθ
)
rdθ.
That is, at each point (x, r) the function Rf evaluates the integral of f on the circle
with the center at x and radius r.
The spherical mean transform became a major object of study in Integral Geom-
etry in the last decades where various results concerning uniqueness, inversion and
range theorems for this integral transform have been obtained. The inversion prob-
lem was studied in case where for a function f in question, which is defined in R2 (or
more generally in Rn), the spherical mean transform Rf is restricted to a cylindrical
surface of the form Σ × R+ where Σ is an algebraic curve in R2 (or more generally
an algebraic hypersurface in Rn). That is, our data consists of all the integrals of the
function f on circles (or more generally hyperspheres) with centers on Σ, while no
restriction is imposed on the set of radii, and our aim is to extract f from this data.
In the last two decades inversion methods for the spherical mean transform have
been obtained for various quadratic curves and hypersurfaces Σ (see [1,5–18]). In this
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paper we will concentrate on the case where Σ is a parabola in R2 which is defined
by the following parametrization
Pη0 =
{
x =
1
2
(
ξ2 − η20
)
, y = ξη0 : ξ ∈ R
}
where η0 is a positive real number. Algebraically, Pη0 is given by y2 − 2η20x− η40 = 0
and by using the translation x = x′ − η20/2 it is an easy exercise to show that by
varying η0 we obtain the set of parabolas x = cy
2, c > 0. For a given η0 > 0 our data
consists of the integrals of f on circles with centers on Pη0 and arbitrary radii and
our aim is to reconstruct f from this data.
In order to obtain a reconstruction method we will use the same procedure that
was used in [17] where an inversion formula was found, for the case where the centers
of the circles of integration are given on an ellipse, by using the expansion of the
Bessel function J0 in elliptical coordinates. In this paper we use a slight modification
of the method introduced in [17] where now we use the expansion of the modified
Bessel function of the second kind of order zero K0 in parabolic coordinates which
was found by Cohl and Volkmer in [2, Theorem 2.2]. However, in this paper the
reconstruction method is given more implicitly since we are not going to extract each
function f in question from its spherical mean transform Rf explicitly. Instead, we
will show that if the support of f is inside Pη0 then one can extract the values of Rf
at the exterior of Pη0 . That is, we can extract the following values
(Rf)(x, r), r ≥ 0, x ∈ Pextη0 :=
{
x =
1
2
(
ξ2 − η2) , y = ξη : ξ ∈ R, η ≥ η0
}
.
Hence, by extracting the values of Rf in the exterior of Pη0 we can use known
inversion formulas, where we take circles with centers which are located on a curve
Σ′ ⊂ Pextη0 , in order to reconstruct f . For example, we can take Σ′ to be any vertical
line x = x0 where x0 < −η20/2 and then, since each function in question is supported
in the half plane x ≥ x0 (since f is supported inside Pη0), it is known that in this case
(i.e., when the centers of circles of integration are located on x = x0) the function f
can be reconstructed (see for example [5, 11]).
For other inversion formulas of back-projection type where Σ is a parabola in the
plane (or more generally a paraboloid in Rn) see [9, 16].
The main result of this paper is given in Theorem 2.1 in Sect. 2. Before formulat-
ing Theorem 2.1 we will introduce some notations and definitions which will be used
in the proof of this theorem.
For every point x ∈ R2 denote by x(ξ, η) its presentation in parabolic coordinates:
x(ξ, η) =
(
1
2
(
ξ2 − η2) , ξη) , ξ ∈ R, η ≥ 0
where the parameters ξ and η are uniquely determined by the point x. Denote by
ρ(ξ, η, ξ′, η′) the distance
ρ(ξ, η, ξ′, η′) = |x(ξ, η)− x(ξ′, η′)| .
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Let K0 be the modified Bessel function of the second kind of order zero and let Hν ,
ν ∈ R be the Hermite function of order ν. For a non negative integer n the function
Hn coincides with the Hermite polynomial
Hn(x) = (−1)nex2 d
n
dxn
e−x
2
.
For the expression of Hν where ν is an arbitrary real number see [2, Sect. 2]. In [2,
Theorem 2.2] the following identity
K0(k · ρ(ξ, η, ξ′, η′)) =
√
πe
k
2
((η′)2−(ξ′)2−η2−ξ2)
×
∞∑
n=0
(−i)n
2n−1n!
Hn
(√
kξ
)
H−n−1
(√
kη
)
Hn
(√
kξ′
)
Hn
(
i
√
kη′
)
(1.1)
was proved in case where 0 ≤ η′ ≤ η and k > 0. For a function F , defined in R+,
define the Mellin transform MF of F by
(MF )(s) =
∫
∞
0
ys−1F (y)dy,ℜs > 0
where it should be noted that the above integral might not converge for every ℜs > 0.
For the Mellin transform we have the following inversion and convolution formulas
(see [3], Chapter 8.2 and 8.3):
F (r) =M−1(MF )(r) = 1
2πi
∫ ̺+i∞
̺−i∞
r−sM(F )(s)ds, (1.2)
M(F1 ⋆ F2)(s) = (MF1)(s)(MF2)(1− s) (1.3)
where the convolution F1 ⋆ F2 is defined by
(F1 ⋆ F2)(x) =
∫
∞
0
F1(xx
′)F2(x
′)dx′.
In the Mellin inversion formula (1.2) the point σ can be any point in (0,∞) for which
the Mellin transform of F decays to zero uniformly on a strip which contains the
complex line σ + it, t ∈ R.
Using the relationship between the Fourier and Mellin transforms (see [3, Chap.
8, Sect. 2]) it can be easily checked that formula (1.2) is valid for every continuous
function F with compact support while the Mellin convolution formula (1.3) is valid
in any domain in C for which both (MF1)(·) and (MF2)(1− ·) exist.
2 The Main Result
For a continuous function f , defined in R2, our aim is to extract Rf in the solid
cylinder Pextη0 ×R+ from its restriction on Pη0 ×R+. That is, our data consists of the
following values
F (ξ, r) = (Rf)(x(ξ, η0), r), (ξ, r) ∈ R× R+
and our aim is to evaluate (Rf)(x(ξ, η), r) for every (ξ, η) ∈ R× [η0,∞) and r ≥ 0.
For this we have the following result.
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Theorem 2.1. Let f be a continuous function, defined in R2, which is compactly
supported inside the parabola Pη0, i.e., f vanishes outside a bounded set in R2 and
f(x(ξ, η)) = 0, η ≥ η0.
Define
Ψ(ξ, η, k) = e−
k
2
(η2+ξ2)
∞∑
m=0
Hm
(√
kξ
)
H−m−1
(√
kη
)
(Λmf)(k)
for (ξ, η) ∈ R× [η0,∞), k > 0 where
(Λmf)(k) =
√
ke
k
2
η2
0
2mm!
√
πH−m−1
(√
kη0
)
×
∫
∞
−∞
∫
∞
0
(Rf)(x(ξ, η0), r)K0(kr)Hm
(√
kξ
)
e−
1
2
ξ2drdξ.
Then, for every (ξ, η) ∈ R× [η0,∞) and r ≥ 0 we have
(Rf)(x(ξ, η), r) = 1
iπ
∫ σ+i∞
σ−i∞
2sr−s(MΨ)(ξ, η, 1− s)ds
Γ2((1− s)/2)
where σ can be any point in the interval (0, 1) and where Γ denotes the Gamma
function.
Proof. Using the definition of the spherical mean transform for every ξ ∈ R and k > 0
we have∫
∞
0
(Rf)(x(ξ, η0), r)K0(kr)dr =
∫
∞
0
∫ π
−π
f
(
x(ξ, η0) + re
iθ
)
rdθK0(kr)dr
= [y = x(ξ, η0) + re
iθ, dy = rdθdr] =
∫
R2
f(y)K0 (k |y − x(ξ, η0)|) dy
=
[
y = y(ξ′, η′), dy = ((ξ′)2 + (η′)2)dξ′dη′
]
=
∫ η0
0
∫
∞
−∞
f ∗(ξ′, η′)K0 (k · ρ(ξ, η0, ξ′, η′)) dξ′dη′ (2.1)
where we denote
f ∗(ξ′, η′) = ((ξ′)2 + (η′)2)f(y(ξ′, η′))
and in the last passage of equation (2.1) we used the fact that f is supported inside
Pη0 . Using the expansion (1.1) of K0 and the fact that η′ ≤ η0 we have∫
∞
0
(Rf)(x(ξ, η0), r)K0(kr)dr
=
√
πe−
k
2
(η2
0
+ξ2)
∞∑
n=0
(−i)n
2n−1n!
Hn
(√
kξ
)
H−n−1
(√
kη0
)
4
×
∫ η0
0
∫
∞
−∞
f ∗(ξ′, η′)e
k
2
((η′)2−(ξ′)2)Hn
(√
kξ′
)
Hn
(
i
√
kη′
)
dξ′dη′.
Using the following orthogonality relations∫
∞
−∞
Hm
(√
kx
)
Hn
(√
kx
)
e−kx
2
dx =
√
π/k2nn!δn,m
for the Hermite polynomials we obtain that∫
∞
−∞
∫
∞
0
(Rf)(x(ξ, η0), r)K0(kr)Hm
(√
kξ
)
e−
k
2
ξ2drdξ
=
2(−i)mπ√
k
· e− k2 η20H−m−1
(√
kη0
)
×
∫ η0
0
∫
∞
−∞
f ∗(ξ′, η′)e
k
2
((η′)2−(ξ′)2)Hm
(√
kξ′
)
Hm
(
i
√
kη′
)
dξ′dη′. (2.2)
Let us denote
(Λmf)(k) =
√
ke
k
2
η2
0
2mm!
√
πH−m−1
(√
kη0
)
×
∫
∞
−∞
∫
∞
0
(Rf)(x(ξ, η0), r)K0(kr)Hm
(√
kξ
)
e−
1
2
ξ2drdξ
then from equation (2.2) for every ξ′′ ∈ R and η′′ ≥ η0 we have
e−
k
2
((η′′)2+(ξ′′)2)
∞∑
m=0
Hm
(√
kξ′′
)
H−m−1
(√
kη′′
)
(Λmf)(k)
=
√
πe−
k
2
((η′′)2+(ξ′′)2)
∞∑
m=0
(−i)m
2m−1m!
Hm
(√
kξ′′
)
H−m−1
(√
kη′′
)
×
∫ η0
0
∫
∞
−∞
f ∗(ξ′, η′)e
k
2 ((η′)2−(ξ′)2)Hm
(√
kξ′
)
Hm
(
i
√
kη′
)
dξ′dη′
=
∫ η0
0
∫
∞
−∞
√
πf ∗(ξ′, η′)e
k
2 ((η′)2−(ξ′)2−(η′′)2−(ξ′′)2)
×
[
∞∑
m=0
(−i)m
2m−1m!
Hm
(√
kξ′′
)
H−m−1
(√
kη′′
)
Hm
(√
kξ′
)
Hm
(
i
√
kη′
)]
dξ′dη′
=
(∗)
∫ η0
0
∫
∞
−∞
K0(k · ρ(ξ′′, η′′, ξ′, η′))f ∗(ξ′, η′)dξ′dη′
=
[
y = y(ξ′, η′), dy = ((ξ′)2 + (η′)2)dξ′dη′
]
=
∫
R2
K0 (k |x(ξ′′, η′′)− y|) f(y)dy (2.3)
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where in the passage (∗) we used the expansion (1.1) of the modified Bessel function
of the second kind K0 and that η
′ ≤ η′′ (since η′ ≤ η0 ≤ η′′). Making the change of
variables
y = x(ξ′′, η′′) + reiθ, dy = rdθdr
in equation (2.3) we obtain
e−
k
2
((η′′)2+(ξ′′)2)
∞∑
m=0
Hm
(√
kξ′′
)
H−m−1
(√
kη′′
)
(Λmf)(k)
=
∫
∞
0
∫ π
−π
K0(kr)f
(
x(ξ′′, η′′) + reiθ
)
rdθdr
=
∫
∞
0
K0(kr)(Rf)(x(ξ′′, η′′), r)dr. (2.4)
If we denote the function in the left hand side of equation (2.4) by Ψ = Ψ(ξ′′, η′′, k)
then by taking the Mellin transform on both sides of (2.4) with respect to the variable
k, using the Melling convolution formula (1.3) and using the fact that the Mellin
transform of K0 is given by
(MK0)(s) = 2s−2Γ2
(s
2
)
,ℜs > 0
where Γ denotes the Gamma function (see [4, Chap. VI, Sect 6.8, formula 26]) we
obtain
(MΨ)(ξ′′, η′′, s) = 2s−2Γ2(s/2)M (Rf) (x(ξ′′, η′′), 1− s)
for 0 < ℜs < 1. Equivalently, we have
M (Rf) (x(ξ′′, η′′), s) = 2
s+1(MΨ)(ξ′′, η′′, 1− s)
Γ2((1− s)/2)
where the last equality is true for |ξ′′| <∞, η′′ ≥ η0 and 0 < ℜs < 1. For every fixed
x(ξ′′, η′′), where |ξ′′| < ∞, η′′ ≥ η0, the function (Rf)(x(ξ′′, η′′), ·) is continuous and
has compact support (since f is continuous and has compact support). Hence, we
can apply the inverse Mellin transform and thus Theorem 2.1 is proved.
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